The aim of this paper is to establish the existence of an unbounded sequence of weak solutions to a Neumann problem for elliptic equations involving the p-Laplacian. 
In the very interesting paper [11] , Ricceri, by using an infinitely many critical points theorem [10, Theorem 2.5], established the existence of an unbounded sequence of weak solutions under an appropriate oscillating behaviour of f for a Neumann problem of the type:
where p = div(|∇u| p−2 ∇u) is the p-Laplacian and ν is the outer unit normal to ∂Ω.
Subsequently, starting from the fruitful papers of Ricceri, cited above, several authors gave further results on infinitely many solutions for Neumann elliptic problems (see, for instance, [3] [4] [5] [6] 9] ).
The aim of this paper is to establish the same conclusion of the result of Ricceri in [11] , but under a completely different assumption. For reader's convenience, Theorem 3 of [11] is here recalled.
Theorem 1. Let h : R → R be a continuous function. Assume that the following conditions hold:
(i) let {a n } and {b n } be two sequences in R + satisfying a n < b n , ∀n ∈ N, 
admits an unbounded sequence of weak solutions in W
1,p (Ω).
Owing to our principal result (Theorem 3), we can restate Theorem 1, replacing the assumption (i) with the following
(see Theorem 5 and Remark 1).
Clearly, when h is nonnegative, (i * ) becomes lim inf ξ →+∞
An example of elliptic Neumann problem which cannot be studied by Ricceri's results, but admits, owing to our result, infinitely many solutions, is pointed out (see Example 1 and Remark 2).
We observe that, when the nonlinear term is independent of x and nonnegative, Theorem 3 assumes a simpler form (see Corollary 1) . Moreover, these results hold again substituting ξ → +∞ with ξ → 0 + (Theorem 4).
We also remark that infinitely many solutions to elliptic Neumann problems have been obtained by [7] and [8] by using a different approach. It is very easy to verify that the results obtained in these papers (where sign assumptions are made) and ours, are mutually independent.
In order to prove Theorem 3, we use an infinitely many critical points result (see Theorem 2).
Let X be a reflexive real Banach space, Φ : X → R is a (strongly) continuous, coercive sequentially weakly lower semicontinuous and Gâteaux differentiable functional, Ψ : X → R is a sequentially weakly upper semicontinuous and Gâteaux differentiable functional.
The following result, as given in [2] , is a more precise version of [10, Theorem 2.5].
Theorem 2.
Under the above assumptions on X , Φ, and Ψ , the following conditions hold: After introducing the questions we are interested in and the approach we intend to follow, we consider the following problem
where λ is a real positive parameter. We recall that a weak solution of the problem
If Ω is convex, an explicit upper bound for the constant c is
where, as usual,
Our main result is the following. 
We observe that the above norm is equivalent to the usual one.
On the space C 0 (Ω), we consider the norm u ∞ := sup u∈Ω |u(x)|. Since p > k, X is compactly embedded in C 0 (Ω), and taking into account (1), we have
For each u ∈ X , put
It is well known that the critical points in X of the functional Φ − λΨ are exactly the weak solutions of the problem (P λ ). 
For each n ∈ N, put w n (x) = d n , for all x ∈ Ω. Clearly w n ∈ W 1,p (Ω) for each n ∈ N. Hence,
From the choice of , one has
Taking into account the choice of M, also in this case, one has
From part (1) of Theorem 2, the functional Φ − λΨ admits a sequence u n of critical points, and the conclusion is proven. 2
Now, we point out the following consequence of Theorem 3.
Corollary 1. Let f : R → R be a nonnegative continuous function. Moreover assume that
lim inf
Then, for each λ ∈ ]
possesses an unbounded sequence of weak solutions in W
1,p (Ω).
Furthermore, by using (2) of Theorem 2 and arguing as in the proof of Theorem 3, put
we obtain the following result.
Assume that lim inf The following ensures what was claimed at the beginning. ξ p > −∞,
Theorem 5. Let h : R → R be a continuous function, such that
the problem Proof. In order to prove this result, we apply Theorem 3.
To this end, put
From (ii ) and (7), one has lim sup
On the other hand, from (i ) and (6) lim inf
Hence, (3) of Theorem 3 is satisfied. Hence, since Remark 2. We observe that Theorem 3 of [11] requires a kind of sign hypothesis on the nonlinear term. More precisely, the function cannot be positive only. Therefore, we note the problem in Example 1, given above, cannot be investigated using results in [11] , seeing that the function is positive.
Remark 3.
We also observe that in Theorem 1 a nonlinear term behaviour at −∞ is requested (see assumption (ii)). On the contrary, in Theorem 3 and its consequences, the nonlinear term behaviour at −∞ is completely arbitrary.
